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In a recent note (J. Math. Anal. Appl. 18 (1967), 1-16) (referred to as I), 
we have proved among other results the following theorem. The notation and 
numbering are the same as in I. 
THEOREM II ([I], p. 10). Suppose that, in an entire DirichZet series (l), 
of finite or in$nite Ritt order, {h,} is subject to the additional assumption (5) of 
Lemma 4. Then the hypothesis 
lim log A(” + ~) = 0 for an o-fm u ar>o 
s 
(21) 
A(x) dx 
00 
in the notation of (2), ensures the following conclusion in the notations of (2) and 
(3): 
log p(u) N log M(a) N log %lI(a) N log &zr) N log &P(o) 
- log !lJP(u), u+ 00; p = 1) 2, 3 ,... . 
Our present intention is to prove the part 
1% CL64 - 1% P”W, u+ co, p = 1, 2, 3 ,..., 
of Theorem II, without the additional assumption (5) of Lemma 4 (i.e., only 
with the hypothesis (21)). For this purpose we need the following lemmas. 
LEMMA 6. For any 6 > 0, then in the notations of (2) and (3), 
PROOF. We have only to note that, in the notation of (2), 
p’(u) = A,” 1 a, ( eoAy 
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where of course v depends on p as uell as on O. Since h,.~~S’~jp! 4 & for ant, 
6 Y 0, we have at once 
PROOF. We have by Lemma 1 
f A (f) ,< Ill9 A(x) dx < log p(a) 
i.e. 
u 2 
log /C(o) < -__ * 
A ($1 
Now by taking limits on both sides by letting (T 4 co, we have the required 
result, because /l(u) is a monotonic increasing function of c and cl(o) -P 03 
as a---f ax. 
LEMMA 8. For any 6 > 0, in the notation of (2), 
A”(u) < logp! + (0 + 6 + 1) /I(” + 6 $ 1) +p log $. 
PROOF. We have by Lemmas 1 and 6 
/P(a) < J‘“;’ An(x) dx < log $‘(a + 1) 
D 
‘rr_logp!+log~(u+s+1)+plog~. 
Again using Lemma 1 here, we have 
o(u) < logp! A- O(1) + /;;s+lJx) dx + p log +, 4 > 00 , 
<logp!+O(l)fplog~+(ui-S+l m-u,)il(ui-s+l) 
-logp!+P10g$+(u+S+I)& isi-1) 
Hence the result. 
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THEOREM II’. In Theorem II, the part 
log CL(u) - 1% P(d u---f co, p = 1, 2, 3 )...) 
is true with only the hypothesis (21). 
PROOF. One has easily from Lemma 3: 
{/l(u)}” < Ew < (A”(u)}” 
’ CL(u) ’ * 
Now taking logarithms on both sides of the above inequality and then using 
Lemma 8, we have 
p log 40) + log EL(U) < 1% P(4 < 1% CL(u) + P log 44 
i.e. 
p log Jo) + log 11(u) < log P(u) G log P(U) 
+Plog~logP!+Plog~+(u+S+1)n(,+s+1)(. 
Now dividing both sides of this inequality by log p(u) and using the hypo- 
thesis (21) along with Lemma 7 we have finally the required result, 
1% P(u) 
!+f log p(u) = l. 
If we restrict the order p to be finite in Theorem II, then, it is possible to 
prove Theorem II by a much simpler method, without using the complicated 
Lemma 4. For this purpose we need the following Lemmas. 
LEMMA 9. An entire function f (s) is of order p ;f and onb if 
lim sup h& 1% 42 = 
n4co 1 p 
log - 
I I a, 
provided 
log n 
lim sup __ = 
&l 
D < 00. 
n+m 
This result being well known we omit the proof. 
LEMMA 10. If {h,} in (1) satisfies the additiona condition (5), then we have, 
in the notation of (2) and (3), for large enough u, 
sm(4 < v(u) exp[o(p + 4 (E + EN, 
9JIp(u) <K’P(U) exp[u(p + c) (E + P + l )l, 
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where E is given positive number as small as we please the constants K, K’ depend 
on 6. 
PROOF. One has from Lemma 9 and (5) 
n < AE++ 1% Y for n 3 71,” W 
respectively. 
By definition 
W(0) = 2 j a, j e”“” + 2 ) a, ) eoAn, 
1 nc)+l 
where 
no = maxI& ,n,J 
Let us choose e”* = XiIP+‘(l - /3), where a, < u < a,,, , 0 < /3 < 1, (C). 
Now by (2), (B) and (C) we have 
E+‘W) < 44 exp[+ + 4 (E + 4 
Similarly by (A), (C), we have 
now by using (5) one can show that 
Hence 
.r (1 - 8)“” < constant. 
0 
Wu) d 4~) exp[u(p + 4 (E + 41. 
Now by applying this for the derivative of an entire function along with 
Lemma 3 one has 
W(o) < v’(u) exp[+ + 6) (E + c)l d v(u) 4~) exp[+ + 6) (E + ~11, 
Now by using the definition of rank order ([l], p. 9) we have finally 
roZ’(4 < K’P(U) 9-44 + c) (E + 1 + ~11, 
similarly we can show that 
?lJWu) < K’P(U) exp[u(p + 6) (E + P + ~11. 
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THEOREM IIA. Suppose that, in an entire Dirichlet series (I), of finite Ritt 
order, {A,} is subject to the additional assumption (5). Then the following con- 
clusion holds. 
log p(u) N log M(a) - log 9Jqu) - log &J) - log MP(u) - log 2P(u), 
$5 = 1, 2,... . 
The proof of this Theorem is exactly like that of Theorem II with one 
difference, the former uses Lemma 10 whereas the latter uses the Lemma 4. 
